We introduce the notion of pseudo-Poisson Nijenhuis manifolds. These manifolds are generalizations of Poisson Nijenhuis manifolds defined by Magri and Morosi [13] . We show that there is a one-to-one correspondence between the pseudo-Poisson Nijenhuis manifolds and some quasi-Lie bialgebroid structures on the tangent bundle as in the case of Poisson Nijenhuis manifolds by Kosmann-Schwarzbach [7] . For that reason, we expand the general theory of the compatibility of a 2-vector field and a (1, 1)-tensor. In the case of pseudo-Poisson Nijenhuis structures having some "nondegeneracy", we call structures corresponding to such structures pseudo-symplectic Nijenhuis structures, and investigate properties of those. In particular, we show that those structures induce twisted Poisson structures [18] .
Introduction
Poisson Nijenhuis structures were defined by Magri and Morosi [13] to study bi-Hamiltonian systems. A pair of a Poisson structure π and a Nijenhuis structure N on a C ∞ -manifold M is a Poisson Nijenhuis structure on M if those have some compatibility condition. It is known that Poisson Nijenhuis manifolds (i.e., manifolds with Poisson Nijenhuis structures) are related with various mathematical objects [13] , [8] , [7] .
Kosmann-Schwarzbach [7] showed that there is a one-to-one correspondence between the Poisson Nijenhuis manifolds (M, π, N ) and the Lie bialgebroids ((T M ) N , (T * M ) π ), where (T M ) N is a Lie algebroid deformed by the Nijenhuis structure N and (T * M ) π is the cotangent bundle equipped with the standard Lie algebroid structure induced by the Poisson structure π. On the other hand, Stiénon and Xu [19] introduced the concept of a Poisson quasi-Nijenhuis manifold (M, π, N, φ), and showed that a Poisson quasiNijenhuis manifold corresponded to a quasi-Lie bialgebroid ((T * M ) π , d N , φ). Here a Lie bialgebroid [11] , [12] consists of a pair (A, A * ), where A is a Lie algebroid, and A * is the dual bundle equipped with a Lie algebroid structure, together with the following condition: for any D 1 and D 2 in Γ(Λ * A),
where a bracket [·, ·] A is the Schouten bracket of the Lie bracket of A, and d * is the Lie algebroid differential determined from the Lie algebroid structure of A * [10] . Since the Lie algebroid structure on A * can be recovered from the derivation d * , a Lie bialgebroid (A, A * ) is also denoted by (A, d * ). A quasiLie bialgebroid [6] 
for any X in X(M ) and α and β in Ω 1 (M ), where ι α∧β := ι β ι α and
Furthermore, since quasi-Lie bialgebroids (of course, Lie bialgebroids also) construct Courant algebroids [10] , [16] , [17] , we can obtain a new Courant algebroid structure on T M ⊕T * M from a pseudo-Poisson Nijenhuis structure on M similar to a Poisson Nijenhuis and a Poisson quasi-Nijenhuis structure on M . In other words, we can say that a pseudo-Poisson Nijenhuis structure is a new material for constructing a Courant algebroid structure on T M ⊕ T * M . Therefore a pseudo-Poisson Nijenhuis structure on M complements the bottom left of the correspondence table below: a Courant algebroid structure [10] on T M ⊕ T * M a quasi-Lie bialgebroid [16] a Lie bialgebroid [11] a quasi-Lie bialgebroid [16] 
Nijenhuis a Poisson Nijenhuis [13] a Poisson quasi-Nijenhuis [19] (π, N, Φ) (π, N ) (π, N, φ) π : a 2-vector field π : a Poisson π : a Poisson N : a Nijenhuis N : a Nijenhuis N : a bundle map Φ : a 3-vector field φ : a 3-form
All of the pairs (π, N ) of the bottom of the correspondence table above are "compatible". The condition that a 2-vector field π and a (1, 1)-tensor N on M are compatible is very important in studying Poisson Nijenhuis, pseudo-Poisson Nijenhuis and Poisson quasi-Nijenhuis manifolds. In this paper, we generalize several properties related to the compatibility so that they can be used with as few assumptions as possible. For example, Poisson Nijenhuis hierarchy [14] , [8] and a relation with a brackets on the tangent and the cotangent bunble [19] , [7] and so on.
Under the assumption that a 2-vector field π is nondegenerate, we can reduce one of the conditions for a triple (π, N, Φ) to be a pseudo-Poisson Nijenhuis structure. In this case, since there is a unique nondegenerate 2-form ω corresponding to π, we can rewrite the definition of pseudo-Poisson Nijenhuis structures by words of the differential forms. Therefore we obtain the definition of pseudo-stmplectic Nijenhuis structures as an equivalent structures to pseudo-Poisson Nijenhuis structures of which the 2-vector field is nondegenerate: Definition 1. Let M be a C ∞ -manifold, ω a nondegenerate 2-form on M , a (1, 1)-tensor N a Nijenhuis structure on M compatible with π corresponding to ω, and φ a closed 3-form on M . Then a triple (ω, N, φ) is a pseudosymplectic Nijenhuis structure on M if the following holds:
Moreover we show that pseudo-symplectic Nijenhuis structures (ω, N, φ) induce twisted Poisson structures (π N , φ) [18] . The property can be considered to be a generalization of the first step of the hierarchy of a Poisson Nijenhuis structure since a pair (π N , N ) is compatible.
This paper is constructed as follows. We recall the definitions of Courant algebroids and quasi-Lie bialgebroids in section 2. In section 3, we expand a general theory of the compatibility of a 2-vector field and a (1, 1)-tensor. This also plays an important role to study Poisson Nijenhuis, pseudoPoisson Nijenhuis and Poisson quasi-Nijenhuis structures uniformly. In section 4, we define pseudo-Poisson Nijenhuis manifolds and show that there is a one-to-one correspondence between a pseudo-Poisson Nijenhuis manifold (M, π, N, Φ) and a quasi-Lie bialgebroid ((T M ) N , d π , Φ), which is the main theorem in this paper. It is the contents of section 5 to define pseudosymplectic Nijenhuis structures, and to investigate properties of those. In particular, we show that a pseudo-symplectic Nijenhuis structure induces a twisted Poisson structure [18] .
Preliminaries
We begin with recalling the definitions of Courant algebroids. A Courant algebroid is not a Lie algebroid since the Jacobi identity is not satisfied due to (i). The following example is fundamental. 
where X and Y are in X(M ), and ξ and η are in Ω 1 (M ). This is called the standard Courant algebroid.
Next we shall recall the definition of quasi-Lie bialgebroids.
If the 3-section φ A is equal to 0, the quasi-Lie bialgebroid (A, d * , φ A ) is just a Lie bialgebroid (A, d * ). 
where the map a * : A * −→ T M and the bracket [·, ·] A * are defined by
respectively and ι X and ι ξ are the interior products defined by ι X ζ := ζ(X, . . . ) and
Taking φ A = 0, we obtain the Courant algebroid structure of a double of a Lie bialgebroid in [10] .
Compatible pairs
In this section, we consider the compatibility of a 2-vector field and a (1, 1)-tensor on a C ∞ -manifold, which plays an important role to define a Poisson Nijenhuis and a pseudo-Poisson Nijenhuis manifold. For that reason, first we begin with the definitions and properties of brackets defined by a 2-vector field and a (1, 1)-tensor. We generalize several properties of a Poisson Nijenhuis structure to that of a compatible pair of a 2-vector field and a (1, 1)-tensor. Moreover we show that the brackets gives a characterization of the compatibility of a 2-vector field and a (1, 1)-tensor, which is the main theorem of this section.
Let M be a C ∞ -manifold, π a 2-vector field and N a (1, 1)-tensor. We define, for any α,
where π ♯ : T * M −→ T M is the bundle map over M defined by < π ♯ α, β >:= π(α, β). It is easy to see that these brackets are bilinear and anti-symmetry. Moreover these satisfy the Leibniz rule, i.e., for any f in
From this, we obtain the derivation d π :
where D is in X k (M ) and α i 's are in Ω 1 (M ). By replacing π ♯ and [·, ·] π with N and [·, ·] N respectively, the derivation
Furthermore the Lie derivative L π α and L N X are defined by the Cartan formula
for any α in Ω 1 (M ) and X in X(M ) and are extended on X * (M ) and Ω * (M ) the same as the usual Lie derivative L X respectively. Then it follows that 
By observing carefully the ploof of the existence and uniqueness theorem of the Schouten bracket of the usual bracket for vector fields (for example, see [15] ), we can show that a similar one is also constructed in the following situation:
Theorem 3.1. Let (A, a) be an anchored vector bundle over M , i.e., a : A −→ T M is a bundle map over M , and [·, ·] A a anti-symmetric bilinear bracket on Γ(A) satisfying
for any X, Y in Γ(A) and f in C ∞ (M ). Then there is a unique bilinear op-
, called the generalized Schouten bracket or simply the Schouten bracket, that satisfies the following properties:
and 
and the (2, 1)-tensor
vanishes, where for any α and β in Ω 1 (M ),
A compatible pair (π, N ) is a Poisson Nijenhuis structure if π is Poisson and N is Nijenhuis.
Let (π, N ) be a compatible pair and set π N (α, β) :=< N π ♯ α, β >. Then it follows from (17) For any compatible pair (π, N ), we set π 0 := π and define a 2-vector field π k+1 by the condition π
In the case of a compatible pair (π, N ) of which N is Nijenhuis, the following proposition corresponding to the existence theorem of the hierarchy of Poisson Nijenhuis structures [14] , [8] can be shown in the same way as the theorem. 
The compatibility of a 2-vector field π and a (1, 1)-tensor N is equivalent to the following equations using the Schouten brackets of [·, ·] π and [·, ·] N . 
(iii) the operator d π is a derivation of the Schouten bracket [·, ·] N :
where ξ i 's are in Ω * (M ) and D i 's are in X * (M ).
In the case of that π is Poisson, Theorem 3.3 coincides with Lemma 3.6 in [19] and Proposition 3.2 in [7] . However to prove Proposition 3.2 in [7] , properties for a Lie bialgebroid [10] were used since ((T M ) N , (T * M ) π ) is a Lie bialgebroid, and Lemma 3.6 in [19] does not mention the equivalence of (i) and (iii) in Theorem 3.3. Therefore Theorem 3.3 is worthy in the sense that these equivalence is indicated by eliminating conditions that do not require it. To prove Theorem 3.3, we need the following lemma.
Proof. For any ξ in Ω 1 (M ), we calculate
On the other hand, we obtain
Therefore we find
Because the exact 1-forms generate locally the 1-forms as a C ∞ (M )-module and C N π is tensorial, we obtain the equivalence to prove.
Proof of Theorem 3.3. The equivalence of (i) and (ii) can be proved similarly as Proposition 3.2 in [7] . We shall prove the equivalence of (i) and (iii). We set for any D 1 and D 2 in X * (M ),
Then by straightforward calculation, for any f, g in
so that the conclusion follows from these equations and Lemma 3.4.
Pseudo-Poisson Nijenhuis manifolds
In this section, we define Pseudo-Poisson Nijenhuis manifolds and investigate properties of them. 
for any X in X(M ), α and β in Ω 1 (M ), where
Remark 3. The reason why we use not "quasi-" but "pseudo-" is to avoid confusion with another notion quasi-Poisson manifold in [1] , [2] . Now we describe the main theorem in this section. This is one of the fundamental properties of pseudo-Poisson Nijenhuis manifolds. A similar result for Poisson quasi-Nijenhuis manifolds is also known [19] . i) means that (22) holds. This condition is equivalent to the compatibility of π and N by Theorem 3.3.
Next, For any f in C ∞ (M ), any α and β in Ω 1 (M ), we compute
where the second equality follows from the graded Jacobi identity of the Schouten bracket [·, ·], and the fact is used that
in the third equality. On the other hand, we have
where we use the fact that Next, under the assumption that the equality (26) holds on Ω 1 (M ), for any X in X(M ), any α, β and γ in Ω 1 (M ), we obtain
where the second equality follows from the graded Jacobi identity of [·, ·], and we use the equality (26) in the seventh equality . On the other hand, we obtain
where we use the property that L N X α = L N X α − (L X N * )α for any X in X(M ) and any α in Ω 1 (M ). Therefore, we obtain
Hence, under the assumption of (26), it follows that d 2 π = [Φ, ·] N on X(M ) if and only if the equality (27) holds.
Since
Therefore ii) is equivalent to that (26) and (27) hold.
Finally, iii) is equivalent to (25) due to that d π Φ = [π, Φ]. Therefore the proof has been completed.
By the theorem, we have the following result of Kosmann-Schwarzbach [7] . 
the anchor map ρ satisfies ρ(X + ξ) = N X + π ♯ ξ = π ♯ ξ and the pairing ·, · is given by (3) for any X, Y in X(M ), any ξ and η in Ω 1 (M ). 
the anchor map ρ satisfies ρ(X + ξ) = aX + π ♯ ξ and the pairing ·, · is given by (3) for any X, Y in X(M ), ξ and η in Ω 1 (M ).
Example 5 is an example of not a Poisson Nijenhuis manifold but a pseudo-Poisson Nijenhuis manifold.
The following proposition means that two given pseudo-Poisson Nijenhuis manifolds generate a new one.
Proof. Using the fact that [X 1 , X 2 ] = 0 for any X i in X(M i ), i = 1, 2, etc., we can see that the triple (π 1 + π 2 , N 1 ⊕ N 2 , Φ 1 + Φ 2 ) satisfies that N 1 ⊕ N 2 is a Nijenhuis structure on M 1 × M 2 , the compatibility of (π 1 + π 2 , N 1 ⊕ N 2 ) and the conditions (25), (26) and (27) of Definition 5.
Pseudo-symplectic Nijenhuis manifolds
In this section, we always assume that a 2-vector field π is nondegenerate. Then we can reduce one of the conditions for a triple (π, N, Φ) to be a pseudo-Poisson Nijenhuis structure. This fact is important in the sense to be able to find pseudo-Poisson Nijenhuis structures easily. Moreover we rewrite a pseudo-Poisson Nijenhuis structure (π, N, Φ) of which the 2-vector field π is nondegenerate using differential forms, and investigate properties of the structure. Proof. We shall prove (27) . By the nondegeneracy of π, the map π ♯ : T * M −→ T M is a bundle isomorphism. Therefore a set {π ♯ df | f ∈ C ∞ (M )} generates locally the vector fields X(M ) as a C ∞ (M )-module. We have proved in Theorem 4.1 that the equality (26) holds if and only if d 2 π = [Φ, ·] holds on C ∞ (M ). Thus we compute, for any f in C ∞ (M ),
where we use π ♯ df = −d π f in the first and the last step, the fourth equality follows from (22) and the fifth equality does from (25). Therefore
. This is equivalent to the condition (27) under the assumption of (26), so that the proof has been completed.
In general, it is easier to deal with differential forms than multi-vector fields. Since a 2-vector field π is nondegenerate, there is a unique 2-form ω corresponding with π. Hence it is convenience to transliterate conditions (25) and (26) for π into those for ω. We compute
for any α, β and γ in Ω 1 (M ), where a bundle map ω ♭ : T M −→ T * M is defined by < ω ♭ X, Y >:= ω(X, Y ). Therefore setting φ := −ω ♭ Φ, we obtain the equivalence of the condition (26) and
due to the nondegeneracy of π. Under the assumption of (30), we calculate
for any α i in Ω 1 (M ). From the above, we see that the conditions (25) and (26) are equivalent to the condition (30) and the closedness of φ if π is nondegenerate. Therefore we define as follows: The following corollary states that we can construct new pseudo-symplectic Nijenhuis structures from a symplectic Nijenhuis structure (ω, N ), i.e., a pair (π, N ) is a Poisson Nijenhuis structure, where π is a nondegenerate Poisson structure corresponding to the symplectic structure ω. Proof. In this case, the condition (30) to prove is
because of dω = 0. By computing that, for any Z in X(M ), < N * ι X∧Y φ, Z >= (ι N Z φ)(X, Y ) = 0, where we use ι N X φ = 0, we conclude that (32) holds. Hence (ω, N, φ) is a pseudo-symplectic Nijenhuis structure.
Example 6. On the 6-torus T 6 with angle coordinates (θ 1 , θ 2 , θ 3 , θ 4 , θ 5 , θ 6 ), we consider the standard symplectic structure ω := dθ 1 ∧ dθ 2 + dθ 3 ∧ dθ 4 + dθ 5 ∧ dθ 6 and a regular Poisson structure with rank 2,
where λ is in R and a, b and c are three distinct numbers(see [9] ). Setting N λ := π ♯ λ • ω ♭ , we obtain a symplectic Nijenhuis structure (ω, N λ ) on T 6 (see [21] for a general theory of constructing symplectic Nijenhuis structures from symplectic and Poisson structures). Since the rank of N λ is 2 at each points, the kernel of N * λ is a subbundle with rank 4 of the cotangent bundle of T 6 . Hence for any closed 3-form φ in Γ(Λ 3 KerN * λ ), a triple (ω, N λ , φ) is a pseudo-symplectic Nijenhuis structure on T 6 by Corollary 5.2.
The following simple example is of a pseudo-symplectic Nijenhuis structure but not of a symplectic Nijenhuis structure. Then (ω, N, φ) is a pseudo-symplectic Nijenhuis structure on R 4 .
Finally we describe a proterty of pseudo-symplectic Nijenhuis structures. This is the main theorem in this section.
Theorem 5.3. Let (ω, N, φ) be a pseudo-symplectic Nijenhuis structure on M and π the nondegenerate 2-vector field corresponding to ω. Then (π N , φ) is a twisted Poisson structure [18] , i.e., the pair satisfies Therefore (π N , φ) is a twisted Poisson structure on M .
